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a b s t r a c t
Let Γ denote a distance-regular graph with a strongly closed regular subgraph Y . Hosoya
and Suzuki [R. Hosoya, H. Suzuki, Tight distance-regular graphs with respect to subsets,
European J. Combin. 28 (2007) 61–74] showed an inequality for the second largest and least
eigenvalues of Γ in the case Y is of diameter 2. In this paper, we study the case when Γ is
bipartite and Y is of diameter 3, and obtain an inequality for the second largest eigenvalue
of Γ . Moreover, we characterize the distance-regular graphs with a completely regular
strongly closed subgraph H(3, 2).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let Γ = (X, R) denote a simple connected graph with the vertex set X and the edge set R. For vertices x and y, ∂(x, y)
denotes the distance between x and y, i.e., the length of a shortest path connecting x and y. Let d := max{∂(x, y)|x, y ∈ X}
denote the diameter of Γ . For x ∈ X and i ∈ {0, 1, . . . , d}, define
Γi(x) = {y ∈ X |∂(x, y) = i}.
For two vertices x and y at distance i, define
C(x, y) = Γi−1(x) ∩ Γ1(y),
A(x, y) = Γi(x) ∩ Γ1(y),
and
B(x, y) = Γi+1(x) ∩ Γ1(y),
where Γ−1(x) = Γd+1(x) = ∅.
A graph Γ is said to be distance-regular if the cardinalities ci = |C(x, y)|, ai = |A(x, y)|, and bi = |B(x, y)| are constants
whenever ∂(x, y) = i (i = 0, 1, . . . , d).
Let Y be a non-empty subset of X . When there is no danger of confusion, we also use Y to denote the induced subgraph
on it. Y is called a strongly closed subgraph of Γ if C(x, y) ∪ A(x, y) ⊆ Y whenever x, y ∈ Y . For x ∈ X , define
∂(x, Y ) = min{∂(x, y)|y ∈ Y }.
The numbers
τ = τ(Y ) = max{∂(x, Y )|x ∈ X}, w(Y ) = max{∂(x, y)|x, y ∈ Y }
∗ Corresponding author.
E-mail address:wangks@bnu.edu.cn (K. Wang).
0012-365X/$ – see front matter© 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2010.08.019
3524 Q. Kong, K. Wang / Discrete Mathematics 310 (2010) 3523–3527
are called the covering radius, the width of Y in Γ , respectively. For i ∈ {0, 1, . . . , τ }, let
Γi(Y ) = {x ∈ X |∂(x, Y ) = i}.
A subgraph Y is called completely regular if for any integer i,
γi = |Γi−1(Y ) ∩ Γ1(x)|, αi = |Γi(Y ) ∩ Γ1(x)|, βi = |Γi+1(Y ) ∩ Γ1(x)|
are constants whenever x ∈ Γi(Y ).
Take Ω to be a finite set of cardinality q ≥ 2. The Hamming graph H(d, q) has vertex set Ωd, the Cartesian product of d
copies ofΩ; two vertices are adjacent whenever they differ in exactly one coordinate.
Let Γ denote a distance-regular graph with a regular subgraph Y of diameter 2. Hosoya and Suzuki [3] proved an
inequality for the second largest and least eigenvalues of Γ . In this paper, we study the case when Γ is bipartite and Y
is of diameter 3, and obtain the following results:
Theorem 1.1. Let Γ = (X, R) be a bipartite distance-regular graph with a strongly closed regular subgraph Y of diameter 3.
Then
θ1 ≤ b2√c3 − c2 , (1)
where θ1 is the second largest eigenvalue of Γ .
Proposition 1.2. Let Γ = (X, R) be a distance-regular graph with a strongly closed subgraph Y = H(3, 2). If Y is completely
regular with covering radius d− 3, then Γ is isomorphic to H(d, 2).
2. Preliminaries
In this sectionwe recall some basic concepts about distance-regular graphs. Our notation and terminologies are standard.
The reader is referred to [1,2] for more information.
In the rest of this paper, we always assume that Γ = (X, R) is a distance-regular graph of diameter d on n vertices. For
each i, let Ai denote the matrix with (x, y)-entry
(Ai)xy =

1, if ∂(x, y) = i,
0, otherwise.
We abbreviate A = A1. The subalgebraM of MatX (C) generated by A is call the Bose–Mesner algebra of Γ , and A0, A1, . . . , Ad
form a basis ofM. It is well known thatM has a basis consisting of primitive idempotents E0 = 1n J, E1, . . . , Ed, where J is the
all–one matrix of order n.
Let V = CX denote the vector space over the complex number filed consisting of column vectors whose coordinates are
indexed by X with complex entries. We endow V with the Hermitian inner product ⟨ , ⟩ defined by
⟨u, v⟩ = tuv,
where tu denotes the transpose of u, and v is the complex conjugate of v. We use the following abbreviation ‖u‖2 = ⟨u, u⟩.
It is well-known that V has the following orthogonal decomposition
V = E0V ⊕ E1V ⊕ · · · ⊕ EdV ,
where E0V = ⟨1⟩, 1 is the all–one vector of size n. Let xˆ be the element of V with a 1 in the x-coordinate and 0 in all
other coordinates. Moreover, if Γ is a bipartite distance regular graph with bipartitions P1 and P2, then EdV = ⟨1⟩, where1 =∑y∈P1 yˆ−∑z∈P2 zˆ.
For each i, set
Ai =
d−
j=0
pi(j)Ej, Ei = 1n
d−
j=0
qi(j)Aj.
Letmi = qi(0) and θi = p1(i). Thenmi = rank Ei, and θ0, θ1, . . . , θd are mutually distinct eigenvalues of Γ . By [1, p. 63],
pi(j)
ki
= qj(i)
mj
,
where ki = |Γi(x)|. We also write k1 = k. For each eigenvalue θj, let
σi = σi(θj) = pi(j)ki =
qj(i)
mj
. (2)
We call the numbers σ0, σ1, . . . , σd the cosine sequence associated with θj.
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Let θ be an eigenvalue of Γ and σ0, σ1, . . . , σd denote the corresponding cosine sequence. By [5, Lemma 2.1],
ciσi−1 + aiσi + biσi+1 = θσi,
and
σ0 = 1, σ1 = θk , σ2 =
θ2 − a1θ − k
kb1
, σ3 = θ
3 − (a1 + a2)θ2 + (a1a2 − k− c2b1)θ + a2k
kb1b2
.
Substituting σ1, σ2, σ3 in (2) using the above equalities, we get
qj(1) = mjθk , (3)
qj(2) = mj(θ
2 − a1θ − k)
kb1
, (4)
qj(3) = mj(θ
3 − (a1 + a2)θ2 + (a1a2 − k− c2b1)θ + a2k)
kb1b2
. (5)
For a non-empty set Y ⊆ X and x ∈ X , define E∗0 = E∗0 (Y ) to be the diagonal matrix in MatX (C)with (x, x)-entry
(E∗0 )xx =

1, if x ∈ Y ,
0, otherwise.
A nonzero vector v ∈ E∗0V is said to be tight if
|{i|i ∈ {0, 1, . . . , d}, Eiv = 0}| = w(Y ).
For v ∈ V \ {0}, let
η(i)(v) =
tvAiv
tvv
, Ai = E∗0AiE∗0 .
Pick v ∈ E∗0V . Then
tvAiv = tvE∗0AiE∗0v = tvAiv.
Moreover, η(i)(v) = 0 for i > w(Y ). Furthermore, if v is an eigenvector ofAi, then η(i)(v) is the eigenvalue ofAi associated
with the eigenvector v.
3. Proof of main results
We begin with a useful lemma.
Lemma 3.1. Let Γ = (X, R) denote a bipartite distance-regular graph with a strongly closed regular subgraph Y of diameter 3,
and let v ∈ E∗0V be a nonzero vector such that E0v = Edv = 0.
(i) For i ∈ {0, 1, . . . , d},
‖Eiv‖2
‖v‖2 = −
mi
kb1b2n
(θ2i − kb1 − k)(η(1)(v)θi + b2) ≥ 0,
where k = θ0 > θ1 > · · · > θd = −k are all distinct eigenvalues of Γ .
(ii) The following inequalities hold:
−b2
θ1
≤ −√c3 − c2 ≤ η(1)(v) ≤ √c3 − c2 ≤ b2
θ1
.
(iii) v is tight if and only if η(1)(v) = ±√c3 − c2 = ± b2θ1 .
Proof. (i) By [4, Lemma 8.2] and (3)–(5), we have
‖Eiv‖2
‖v‖2 =
1
n
w(Y )−
j=0
η(j)(v)qi(j)
= mi
n

1+ η(1)(v) θi
k
+ η(2)(v) θ
2
i − k
kb1
− (1+ η(1)(v)+ η(2)(v)) θ
3
i − (k+ c2b1)θi
kb1b2

.
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Observe η(2)(v) = −1 by Edv = 0, we find
‖Eiv‖2
‖v‖2 = −
mi
kb1b2n
(θ2i − kb1 − k)(η(1)(v)θi + b2).
(ii) For a vector u ∈ V , let uY be a vector with xth component
(uY )x =

ux, if x ∈ Y ,
0, otherwise.
Using E0v = Edv = 0, we see ⟨v, 1⟩ = ⟨v,1⟩ = 0. By v ∈ E∗0V , ⟨v, 1Y ⟩ = ⟨v,1Y ⟩ = 0. Suppose η is the second largest
eigenvalue ofA. Then
E∗0V = ⟨1Y ⟩ ⊕ ⟨1Y ⟩ ⊕Wη ⊕W−η, (6)
whereW±η is the eigenspace ofAwith corresponding eigenvalue±η. Then there exist v1, v2 ∈ E∗0V such that
v = v1 + v2,
whereAv1 = ηv1,Av2 = −ηv2. Referring to [2, p. 432], η = √c3 − c2.
Note that
tvAv¯ = tvAv¯ = η‖v1‖2 − η‖v2‖2,
and
η‖v‖2 ≥ η‖v1‖2 − η‖v2‖2 ≥ −η‖v‖2
reduce to
η ≥ η(1)(v) ≥ −η.
By (i), we obtain (θ2i − kb1 − k)(η(1)(v)θi + b2) ≤ 0. If i = 0 or d, θ2i − kb1 − k = 0. Then θ2i < k2 and θ2i − kb1 − k < 0
for 1 ≤ i ≤ d− 1. It follows that
η(1)(v)θi + b2 ≥ 0, i = 1, . . . , d− 1. (7)
If v = v1 or v2, then η(1)(v) = ±η, and
−b2
θ1
≤ ±η ≤ b2
θ1
.
(iii) Using E0v = Edv = 0, the vector v is tight if and only if there exists a unique i ∈ {1, . . . , d − 1} such that Eiv = 0.
By (i) and θ2i − kb1 − k < 0,
η(1)(v)θi + b2 = 0. (8)
Referring to (7), the equality (8) holds if and only if i = d− 1 or i = 1, i.e.,
η(1)(v) = ±η = ±b2
θ1
. 
Next we start our proof of the main results.
Proof of Theorem 1.1. Referring to (6), we may pick linearly independent eigenvectors u1, u2, . . . , u|Y |−2 of A with
corresponding eigenvalues η,−η. Moreover 1Y ,1Y are eigenvectors of A with corresponding eigenvalues c3,−c3, so
η(1)(1Y ) = c3 and η(1)(1Y ) = −c3. Since Y is bipartite distance-regular, we have
tr(A2) = c3|Y |, |Y | = 2(c23 − c3 + c2)c2 ,
which imply
|Y |−2−
i=1
(η(1)(ui))2 = c3|Y | − 2c23 =
2c3(c3 − 1)(c3 − c2)
c2
. (9)
Referring to Lemma 3.1(ii),
|Y |−2−
j=1

η(1)(uj)− b2
θ1

η(1)(uj)+ b2
θ1

≤ 0. (10)
Simplifying (10) using (9), (1) holds. 
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Finally we shall characterize the distance-regular graphs with a completely regular strongly closed subgraph H(3, 2).
Let v0(t), v1(t), . . . , vd(t), vd+1(t) denote the polynomials in R[t] satisfying v0(t) = 1, and for each i,
tvi(t) = bi−1vi−1 + aivi(t)+ ci+1vi+1(t), (11)
where b−1 = 0, cd+1 = 1 and v−1(t) = 0. Define
ρ1Y (t) =
1
n
d−
i=0
η(i)(1Y )
vi(t)
ki
∈ R[t]. (12)
Proof of Proposition 1.2. By (11) we have
v1(t) = t, v2(t) = 1c2 (t
2 − k), v3(t) = 1c2c3 (t
3 − (k+ b1c2)t).
Substituting v1(t), v2(t), v3(t) in (12) using the above equalities, and then simplifying by ki−1bi−1 = kici, we get
ρ1Y (t) =
1
n
3−
i=0
η(i)(1Y )
vi(t)
ki
= 1
n

1+ η(1)(1Y ) tk1 + η
(2)(1Y )
t2 − k
k2c2
+ η(3)(1Y ) t
3 − (k+ b1c2)t
k3c2c3

= 1
kb1b2n
(η(3)(1Y )t3 + b2η(2)(1Y )t2 + (b1b2η(1)(1Y )− (k+ b1c2)η(3)(1Y ))t + kb1b2 − kb2η(2)(1Y )).
Observe
η(i)(1Y ) =
t1YAi1Y
‖1Y‖2 =
1
|Y | |{(y1, y2) ∈ Y × Y |∂(y1, y2) = i}|,
so η(1)(1Y ) = η(2)(1Y ) = 3, η(3)(1Y ) = 1 since Y is 3-cube. Moreover the fact that Y is strongly closed implies c2 = 2,
c3 = 3, b2 = k− 2. Hence,
ρ1Y (t) =
1
kb1b2n
(t3 + 3(k− 2)t2 + (3k2 − 12k+ 8)t + k(k− 2)(k− 4))
= 1
kb1b2n
(t + k)(t + k− 2)(t + k− 4). (13)
By [4, Lemma 8.2] and (13),
‖Ei1Y‖2
‖1Y‖2 = ρ1Y (θi)mi =
mi
kb1b2n
(θi + k)(θi + k− 2)(θi + k− 4).
According to [3, Corollary 5.3], Y is completely regular with covering radius d− 3 if and only if 1Y is tight, so−k, 2− k and
4−k are the eigenvalues ofΓ . In particular,Γ is a bipartite graph, and k−2 = b1−1 is an eigenvalue ofΓ . By the inequality
in Theorem 1.1, θ1 ≤ k− 2, so θ1 = k− 2. By [2, Theorem 4.4.11] Γ is isomorphic to H(d, 2). 
Remark. H(d, 2), Doubled Grassmann graph (q = 2 or 3) with diameter 5 and doubled Odd graph on 2m + 1 points with
m ≥ 2 satisfy the equality in Theorem 1.1.
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